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Abstract

The periodic impact motions of passengers in a vehicle traveling on rough terrain are investigated
through a linear model of vehicle and passenger systems. In this mechanical model, the human body is
considered as a massless bar with a lumped mass. The linear model assumes that the motion response of
vehicle is quite small compared to the passenger’s pitch motion since the vehicle chassis has a quite large
mass and large moment of inertia compared with each passenger. The period-1 motion pertaining to two
impacts, respectively, on two walls during N-periods of the ground motion is predicted analytically and
numerically. The stability and bifurcation of such a period-1 motion are determined. The impact motion
becomes complicated with increasing ground motion amplitude, but the impact motion reduces with
increasing torsional damping. Although the mechanical model used in this paper is an ideal one, the
dynamic responses of the human body in vehicle traveling on rough terrain is useful for the rough
evaluation of the human body safety in traveling vehicles.
r 2003 Elsevier Ltd. All rights reserved.

1. Introduction

The human body motion in traveling vehicles is used to measure the human body comfort in
vehicles, and the impact motion between the human body and vehicle is an important issue for us
to discuss in order to measure passenger safety as well. In 1962, Coermann [1] considered the
mechanical impedance of a human body in sitting and standing position at low frequency, and the
human body response to the vehicle vibration was considered as an important factor in measuring
comforts and safety in vehicles. In 1964, Wisner et al. [2] developed a biomechanical model of the
human body with vehicle seat and suspension, and in 1969, Suggs et al. [3] developed a linear
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damped–spring–mass model to investigate the vehicle seat vibration experimentally. The
translational seat vibration to human body comfort was considered [4] in 1982. Ahmed and
Goupillon [5] extended such research and developed an analytical model based on the tyre, cab
and seat for predicting the ride vibration of an agricultural tractor. In 1999, Tewari and Prasad [6]
considered a three-degrees-of-freedom system to model a tractor seat and operator system. The
human body rotational response was not modelled. When the rotational motion of human body is
considered, the equilibrium and stability of a non-linear vehicle and passenger system was
investigated [7] in 2002, and it was observed that the number of impacts decrease with increasing
stiffness of the rotational spring. However, the dynamic responses of the human body in a vehicle
traveling on the rough terrain were not presented. In this paper, the periodic impact response of
the human body in a traveling vehicle on the rough surface will be of interest since this impact
motion will cause serious damage to the human body. This impact motion between the passengers
(and/or drivers) and the vehicle cannot be investigated through continuous dynamic system
theory. In recent decades, similar impact dynamical systems have been widely investigated
(e.g., Refs. [8–17]). The impact motion in practice can be found in Refs. [8–12] and the stability,
bifurcation and chaos for the impact motion were presented in Refs. [13–17]. The reason for
analyzing a vehicle passenger impacting a front and rear wall due to steady state terrain induced
pitching motions of a vehicle (the type of vehicle not revealed) is to find the ranges of parameters
for driving safety and to improve the passenger seat design. Such ranges can be determined
through the stability of period-1 impact motion. Once the impact between vehicles and passengers
occurs, the passenger injuries can be measured through the energy transfer during impact.
In this paper, a linearized model for a three-degree-of-freedom passenger–vehicle system under

terrain surface excitation is developed. Under periodic terrain surface excitation, the periodic
impact response of the human body will be obtained analytically. The stability for such a periodic
response will be investigated. The passenger impact responses based on the linear model will be
simulated.

2. Mechanical model

A vehicle and passenger system consists of a chassis mass (rigid body) M; two suspensions
mounted on the chassis and a mass m representing a passenger (m5M), as shown in Fig. 1. To
simplify the mechanical model without losing the motion mechanism of the passenger in a vehicle
with constant translation speed v; the passenger is modelled as a massless bar with length L
rotating around point O0 plus a lumped mass at the other end. The distance between the mass
center C and point O0 is e: The distances a1 and a2 are from point O0 to the right and left walls
mounted on the vehicle, respectively. The distance from the chassis mass center to two
suspensions is b: The torsional spring stiffness and damping coefficient are K3 and C3;
respectively. Let xðtÞ and cðtÞ be the absolute vertical and angular displacements of chassis M;
and yðtÞ be the absolute angular displacement of passenger m: The free moving of the passenger
between two walls is in the range determined by �a2=Lpsin ðy� cÞpa1=L; and the relative
displacement is defined as

YðtÞ ¼ yðtÞ � cðtÞ: ð1Þ
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Consider a pavement surface

y1 ¼
XN
n¼1

An sin ðont þ jnÞ and y2 ¼
XN
n¼1

Ai sin ðont þ jn � fnÞ; ð2Þ

where An; on and jn are the amplitude, frequency and phase angle of the nth term, respectively.
The phase is fn ¼ 2onb=v ðn ¼ 1; 2;yÞ; where v is the transport speed of vehicle. A one-term
expression for f1 ¼ fjn ¼ 0 (nX2) is considered as an example, i.e.,

y1 ¼ A sinot and y2 ¼ A sinðot � fÞ: ð3Þ

For m5M; the angular momentum conservation with respect to the chassis mass center gives
approximately

ðme2 þ JM þ maeÞð ’c� � ’cþÞ þ mðL2 þ eaÞð’y� � ’yþÞ ¼ 0; ð4Þ

where the superscript dot represents the derivative with respect to time t: f’y�; ’c�g and f’yþ; ’cþg
are the angular velocities before and after impact, JM is the moment of inertia for chassis with
respect to the mass center, and a 	 a1; a2f g: The impact law requires

’Yþ ¼ �m ’Y� ð5Þ

where m is the coefficient of restitution. Eqs. (4) and (5) yield the velocity after impact

’yþ ¼ ð1� ZÞ’y� þ Z ’c� and ’cþ ¼ ð1� xÞ ’c� þ x’y�; ð6Þ

where x ¼ ð1þ mÞD1=D; Z ¼ ð1þ mÞD2=D; D1 ¼ mL2 þ mea; D2 ¼ JM þ me2 þ mea and D ¼
D1 þ D2:
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Fig. 1. Mechanical model for a vehicle and passenger system.
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As in Ref. [7], Lagrange’s equation gives equations of motion for a vehicle and passenger
system, i.e.,

ðM þ mÞ .x � me .c cosc� mL.y sin yþ ðC1 þ C2Þ ’x � mL’y2 cos y� ðC1 � C2Þb ’c cosc

þ ðK1 þ K2Þx � ðK1 � K2Þb sincþ me ’c2 sin c ¼ C1 ’y1 þ C2 ’y2 þ K1y1 þ K2y2 � ðM þ mÞg; ð7Þ

ðme2 þ JMÞ .cþ meL.y sin ðy� cÞ � me .x coscþ C3
’c� C3

’y� ðC1 � C2Þb ’x cosc

þ ðC1 þ C2Þb2 ’c cos2 cþ K3c� K3y� ðK1 � K2Þbx coscþ meL’y2 cos ðy� cÞ

¼ ðC2 ’y2 � C1 ’y1Þb cosc� ðK1y1 � K2y2Þb cos cþ mge cos c� ðK1 þ K2Þb2 cosc sin c; ð8Þ

mL2 .y� mL .x sin yþ meL .c sin ðy� cÞ þ C3ð’y� ’cÞ

þ K3y� Kyc� meL ’c2 cosðy� cÞ ¼ mgL sin y ð9Þ

with constraints in Eq. (6) at sin ðy� cÞ ¼ a1=L ðor� a2=LÞ:
In the linear model, the vehicle pitch is relatively small compared to the passenger rotation (i.e.,

cj j5 yj jo1). Since c5y; we haveYEy; thus �a2=Lpsin ypa1=L: In practice, y51 may not hold.
To reduce difficulty of analysis, this assumption y51 will be used in this paper. Since both chassis
mass and the moment of inertia are very large, from numerical simulation [7] it is observed that
the responses of a vehicle to rough terrain are very small compared to the passenger’s response.
Therefore,

m5M; me25JM ; jxj5Ljyj; sin yEy; cos yE1; sin cEc; coscE1: ð10Þ

With Eq. (10), Eqs. (7)–(9) reduce to

M .x þ ðC1 þ C2Þ ’x � ðC1 � C2Þb ’cþ ðK1 þ K2Þx � ðK1 � K2Þbc

EC1 ’y1 þ C2 ’y2 þ K1y1 þ K2y2 � ðM þ mÞg; ð11Þ

JM
.c� ðC1 � C2Þb ’x þ ðC1 þ C2Þb2 ’c� ðK1 � K2Þbx þ ðK1 þ K2Þb2c

EðC2 ’y2 � C1 ’y1Þb � ðK1y1 � K2y2Þb ð12Þ

and

mL2 .yþ C3
’yþ ðK3 � mgLÞyEC3

’cþ K3c: ð13Þ

The vehicle vibration described in Eqs. (11)–(13) is independent of the passenger motion. With
Eq. (2), the solution for the vehicle vibration is approximated by

xðtÞ ¼ a1 sinot þ a2 cosot þ g1 þ a3el1t þ a4el2t þ a5el3t þ a6el4t;

cðtÞ ¼ b1 sinot þ b2 cosot þ g2 þ b3e
l1t þ b4e

l2t þ b5e
l3t þ b6e

l4t; ð14Þ

where the coefficients are presented in Appendix A.
For such a vehicle system, the transient motion decays rapidly since the vehicle damping is very

large. For instance, consider system parameters (M ¼ 1200 kg; JM ¼ 2500 kgm2; K1 ¼ 30 kN=m;
K2 ¼ 40 kN=m and C1 ¼ C2 ¼ 4 kN s=m), we have l1;2E� 3:2576:95i and l3;4E� 2:2075:37i;
where i ¼

ffiffiffiffiffiffiffi
�1

p
: The exponential terms in Eq. (13) decrease rapidly with increasing time. For long

enough time, the exponential terms in the vehicle vibration can be ignored. The steady state
motion of the vehicle motion plays an impotent role in the passenger’s motion. Thus, under the
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steady state vehicle motion, the passenger pitch motion is obtained through Eq. (13) is

yðtÞ ¼ A�
1 sinot þ A�

2 cosot þ A�
3 þ A4e

l1ðt�t0Þ þ A5e
l2ðt�t0Þ; ð15Þ

where t0 is the initial time and other parameters A�
1;A

�
2;A

�
3 are listed in Appendix A. The

parameters A4;A5 are determined through the initial condition.

3. Period-1 motion and stability

Passengers’ periodic responses in a vibrating vehicle are a key to obtain other responses. Herein,
the period-1 impact motion is that the passenger moves from one constraint wall to another and
turns back during N-periods of the ground motion. Once the period-1 motion is obtained, the other
complicated motion can be numerically simulated. For the initial condition not being at one of the
constraint walls (e.g., the passenger sits upright without any relative velocity), the solution can be
transferred to the first impact on one of the constraint walls. The velocity and location for such
impact time can be used as a new initial condition. When the new initial condition is obtained, the
procedure presented in this section can be used. Note that the initial condition is at time t ¼ t0
instead of t ¼ 0; and the solution based on this initial condition is more general. The advantage of
this solution expression lies in obtaining iterative mapping relations. Therefore, in this section, the
solution for period-1 motion will be developed for a specified initial time t0: The procedure for
achieving mapping equations from a constraint wall to another is presented as follows.
With Eq. (1), the constraints of the impact walls become

Yr1 ¼ arcsin ða1=LÞ; Yr2 ¼ �arcsin ða2=LÞ: ð16Þ

Furthermore, for Yr2pYðtÞpYr1; Eq. (15) becomes

YðtÞ ¼ A1 sinot þ A2 cosot þ A3 þ A4e
l1ðt�t0Þ þ A5e

l2ðt�t0Þ ð17Þ

and the corresponding constants are A1 ¼ ðA�
1 � b1Þ; A2 ¼ ðA�

2 � b2Þ; A3 ¼ ðA�
3 � g2Þ: The

constants A4 and A5 are functions of initial displacement, initial velocity and the initial time t0;
i.e., A4ðY0; ’Y0; t0Þ and A5ðY0; ’Y0; t0Þ:
From Eq. (16), the impact law in Eq. (4) becomes

’Yþ ¼ �mj
’Y� at Y ¼ Yrj; j ¼ 1; 2

� �
: ð18Þ

where m1 and m2 are the restitution coefficient of impact on the wall-1 (the front wall) and wall-2
(the back wall). To determine the periodic response of a passenger, after the ith impact, the initial
conditions selected on the wall-1 (the front wall) is

YðiÞðtiÞ ¼ Yr1; ’YðiÞðtiÞ ¼ ’Yþ
i and t ¼ ti: ð19Þ

The motion response between the wall-1 to wall-2 is given by

YðiÞðtÞ ¼ A1 sinot þ A2 cosot þ A3 þ A
ðiÞ
4 el1ðt�tiÞ þ A

ðiÞ
5 el2ðt�tiÞ; ð20Þ
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where

A
ðiÞ
4 ðYrj; ’Yi; tiÞ ¼

1

l2 � l1
ðYrjl2 � ’Yi � A3l2Þ � ðA2l2 � A1oÞcosoti � ðA1l2 þ A2oÞsinoti

� �
;

A
ðiÞ
5 ðYrj; ’Yi; tiÞ ¼

1

l1 � l2
ðYrjl1 � ’Yi � A3l1Þ � ðA2l1 � A1oÞcosoti � ðA1l1 þ A2oÞsinoti

� �
:

ð21Þ

At time tiþ1; another impact between the passenger and vehicle occurs. Just before impact, we
have

YðiÞðtiþ1Þ ¼ Yr2 ¼ A1 sinotiþ1 þ A2 cosotiþ1 þ A3 þ A
ðiÞ
4 el1ðtiþ1�tiÞ þ A

ðiÞ
5 el2ðtiþ1�tiÞ ð22Þ

and

’Y ið Þðtiþ1Þ ¼ ’Y�
iþ1 ¼ A1o sinotiþ1 � A2o cosotiþ1 þ A

ið Þ
4 l1el1ðtiþ1�tiÞ þ A

ið Þ
5 l2el2ðtiþ1�tiÞ: ð23Þ

The occurrence of impact requires

’Yþ
iþ1 ¼ �m2 ’Y

�
iþ1: ð24Þ

Similarly, after the ði þ 1Þth impact, the initial condition for the ði þ 1Þth movement of
passenger is

Yðiþ1Þðtiþ1Þ ¼ Yr2; ’Yðiþ1Þðtiþ1Þ ¼ ’Yþ
iþ1 and t ¼ tiþ1: ð25Þ

The passenger motion from the wall-2 back to the wall-1 is

Yðiþ1ÞðtÞ ¼ A1 sinot þ A2 cosot þ A3 þ A
ðiþ1Þ
4 el1ðt�tiþ1Þ þ A

ðiþ1Þ
5 el2ðt�tiþ1Þ: ð26Þ

Just before the second impact between the passenger and vehicle occurs on wall-1, the time
t ¼ tiþ2 and Eq. (26) leads to

Yðiþ1Þðtiþ2Þ ¼ Yr1 ¼ A1 sinotiþ2 þ A2 cosotiþ2 þ A3 þ A
ðiþ1Þ
4 el1ðtiþ2�tiþ1Þ þ A

ðiþ1Þ
5 el2ðtiþ2�tiþ1Þ ð27Þ

and

’Yðiþ1Þðtiþ2Þ ¼ ’Y�
iþ2 ¼ A1o sinotiþ2 � A2o cosotiþ2 þ A

ðiþ1Þ
4 l1el1ðtiþ2�tiþ1Þ þ A

ðiþ1Þ
5 l2el2ðtiþ2�tiþ1Þ: ð28Þ

The impact constraint at time tiþ2 requires

’Yþ
iþ2 ¼ �m1 ’Y

�
iþ2: ð29Þ

Substitution of Eq. (24) into Eqs. (22) and (23), and Eq. (29) into Eqs. (27) and (28),
respectively generates the forward map from the wall-1 to the wall-2 (Pf : ðti;YiÞ-ðtiþ1;Yiþ1Þ)
and the return map from wall-2 to wall-1 (Pr : ðtiþ1;Yiþ1Þ-ðtiþ2;Yiþ2Þ), the maps form the
Poincare mapping P ¼ Pr3Pf : ðti;YiÞ-ðtiþ2;Yiþ2Þ:

Pf : tiþ1 ¼ f1ðti; ’Yi; m2Þ; ’Yiþ1 ¼ f2ðti; ’Yi; m2Þ;

Pr : tiþ2 ¼ f1ðtiþ1; ’Yiþ1;m1Þ; ’Yiþ2 ¼ f2ðtiþ1; ’Yiþ1; m1Þ:
ð30Þ
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Consider the period-1 motion in an N period of the ground motion, i.e., the period-1 motion
from time ti to tiþ2 during an N period of the ground motion needs the following conditions:

tiþ2 ¼ ti þ NT and Yþ
iþ2 ¼ Yþ

i ; ð31Þ

where N is an integer and T ¼ 2p=o: For convenience, the superscript (+) will be dropped from
now on. Using Eqs. (22)–(24) and (27)–(29) yields

A1 sinotiþ1 þ A2 cosotiþ1 þ A3 þ A
ðiÞ
4 el1ðtiþ1�tiÞ þ A

ðiÞ
5 el2ðtiþ1�tiÞ �Yr2 ¼ 0;

�m2ðA1o sinotiþ1 � A2o cosotiþ1 þ A
ðiÞ
4 l1el1ðtiþ1�tiÞ þ A

ðiÞ
5 l2el2ðtiþ1�tiÞÞ � ’Yiþ1 ¼ 0;

A1 sinoti þ A2 cosoti þ A3 þ A
ðiþ1Þ
4 el1ðtiþNT�tiþ1Þ þ A

ðiþ1Þ
5 el2ðtiþNT�tiþ1Þ �Yr1 ¼ 0;

�m1ðA1o sinoti � A2o cosoti þ A
ðiþ1Þ
4 l1el1ðtiþNT�tiþ1Þ þ A

ðiþ1Þ
5 l2el2ðtiþNT�tiþ1ÞÞ � ’Yi ¼ 0:

ð32Þ

Solving Eq. (32) yields the solutions ðti; ’Yi; tiþ1; ’Yiþ1Þ for the pioed-1 motion. Once the period-1
motion is obtained, the stability and bifurcation will be investigated through the linearization of
Eq. (30). Using the chain rules of derivatives, the Jacobian matrix gives

Dtiþ2

D ’Yiþ2

 !
¼ ½DP

Dti

D ’Yi

 !
¼ ½DPrðtiþ1; ’Yiþ1Þ½DPf ðti ; ’YiÞ

Dti

D ’Yi

 !
; ð33Þ

where

½DPr ¼

@tiþ2

@tiþ1

@tiþ2

@ ’Yþ
iþ1

@ ’Yiþ2

@tiþ1

@ ’Yiþ2

@ ’Yiþ1

2
6664

3
7775 and ½DPf  ¼

@tiþ1

@ti

@tiþ1

@ ’Yi

@ ’Yiþ1

@ti

@ ’Yiþ1

@ ’Yi

2
6664

3
7775: ð34Þ

The components in Eq. (34) are computed in Appendix A. The stability of the period-1 impact
motion is determined through the two eigenvalues of the mapping, computed by

j½DP � lIj ¼ 0: ð35Þ

The eigenvalues of a fixed point of the periodi-1 motion mapping are expressed by l1;2 ¼
ReðlÞ7iImðlÞ; where i ¼

ffiffiffiffiffiffiffi
�1

p
: For jlkjo1 (k ¼ 1; 2), such a fixed point is a stable focus, and for

jlkj > 1 (k ¼ 1 or 2), the fixed point is an unstable focus. If jl1ðor2Þj ¼ þ1 with complex numbers,
the Neimark bifurcation occurs. For two real eigenvalues, the stable node requires
max k¼1;2ðjlkjÞo1; and the unstable node (or saddle) requires maxk¼1;2 ðjlkjÞ > 1: The saddle of
the first kind is maxk¼1;2ðlkÞ > 1 and the saddle of the second kind needs mink¼1;2 ðlkÞo� 1: If
one of the two eigenvalues is –1 (or l1ðor2Þ ¼ �1), the period doubling bifurcation occurs. If one of
the two eigenvalues is +1 (or l1ðor2Þ ¼ þ1), the first saddle-node bifurcation occurs.
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4. Illustrations

To verify the approximate analytical analysis, a numerical investigation of passenger–vehicle
systems follows. Consider a set of system parameters (M ¼ 1200 kg; m ¼ 150 kg; JM ¼
2500 kgm2; C1 ¼ C2 ¼ 4 kN s=m; K1 ¼ 30 kN=m; K2 ¼ 40 kN=m; K3 ¼ 400N=m; L ¼ 0:6 m; a1 ¼
0:5 m; a2 ¼ 0:3 m), a ground sinusoidal wavelength B ¼ 10m; the vehicle’s velocity v ¼ 10 m=s;
and impact restitution coefficients m1 ¼ m2 ¼ 0:8: Using the given parameters, the period of the
ground motion is T ¼ 2p=o ¼ B=n ¼ 1 s: Note that from those parameters we have
�1oyr1oYr1E0:9851o1 and �1oYr2E� 0:5236oyr2o1; not satisfying assumptions in
Eq. (10) perfectly, but it is good enough for a qualitative estimate of passenger motions. Once
the length L increases, the prediction of passenger motions given in this section will be much
closer to the realistic model. The impact phase is expressed by ji ¼ oti: In the analytical
prediction, for small ground excitations, the difference between ji and jiþ1 is close to p for N ¼ 1:
With increasing surface amplitude, the time interval (tiþ1 � ti) becomes smaller and smaller, but
the time interval (tiþ2 � tiþ1) increases. From Eq. (32), the corresponding solutions to the period-1
motion ðti; ’Yi; tiþ1; ’Yiþ1Þ are obtained, and the solution ðti; ’YiÞ is as the initial impact conditions
for the numerical simulation of such a periodic impact motion. The numerical predictions are
computed through Eq. (13) with an adaptive Runge–Kutta integration scheme.
The numerical and analytical results of the impact phase and impact velocity are presented in

the (a) and (b) plots of Figs. 2–4, respectively. The dark solid curves are the stable period-1
motion predicted by the analytical model, and the dashed curves are the unstable period-1 impact
motion. The numerical predictions are denoted by small dots. In the (c) and (d) plots of Figs. 2–4,
the real and imaginary parts for the corresponding eigenvalues of the analytical solutions of
period-1 impact motion are illustrated. The results for non-damping case are plotted in Fig. 2. The
ground motion amplitude ranges for the stable period-1 impact are from AE0:062 to 0.44m
(analytical) but from AE0:064 to 0.441m (numerical). It is observed that the numerical and
analytical predictions of the initial phase agree well. From the eigenvalues liði ¼ 1; 2Þ for the
analytical period-1 motion in the (c) and (d) plots of Fig. 2, the critical values are: Acr1E0:064m;
Acr2E0:066m; Acr3E0:141m; Acr4E0:201m; Acr5E0:433 m and Acr6E0:44 m: At A ¼ Acr1; the
saddle-node bifurcation of the first kind occurs. For AoAcr1; no period-1 impact motion exists.
The impact motion is around the wall-1 (or wall-2), and the impact phase can be from 0 to 2p:
However, in Fig. 2(b), it is observed that the impact velocity is almost zero in the range of
AoAcr1: This implies that the human body does not have any large amplitude motion. When the
passenger sits upright without consideration of human factors, the human body, like a corpse, has
small amplitude motion near y ¼ 0: Once human factors are considered, the live passenger can
adjust by him/herself and stay in a position without any significant relative velocity. In this case
(C3 ¼ 0), the passenger is safe in vehicles running on the rough terrain possessing a sinusoidal
surface amplitude AoAcr1 ¼ 0:062:
For A > Acr1; the impact motions between vehicle and passenger appear. For the three ground

motion amplitude ranges (Acr1oAoAcr2; Acr3oAoAcr4 and Acr5oAoAcr6), the period-1 impact
motion is a stable node since the corresponding eigenvalues are real and less than one. For the two
amplitude range (Acr2oAoAcr3 and Acr4oAoAcr5), the period-1 impact motion is stable focus
because the eigenvalues are complex and their magnitudes are less than one. At A ¼ Acr6;
the period doubling bifurcation occurs since one of the two eigenvalues is –1. For A > Acr6; the
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perod-1 impact motion becomes unstable. From the numerical prediction, we have Acr1 ¼ 0:067m
and Acr6 ¼ 0:441m: Under a small amplitude ground motion, live passengers can control their
motion for such a period-1 motion to avoid impacts between the vehicle and human body. With
increasing ground motion amplitude, the impact motion cannot be avoided since the passengers
will lose control of their motion. In this case, the motion of the human body will be like a corpse
sitting in the vibrating vehicle.
If A > Acr6; other periodic impact motions and chaotic motions may appear. For Acr6oAoAcr7

(Acr7E0:478m), the period-2 impact motion exists. At A ¼ Acr7; the period-doubling bifurcation
of the period-2 impact motion occurs. For Acr8oAoAcr9 (Acr8E0:501m and Acr9E0:537 m),
there is another period-1 impact motion that is not given by the analytical prediction. This is
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Fig. 2. Analytical and numerical predictions of: (a) impact phase, (b) impact velocity, (c) real part and (d) imaginary

part of the eigenvalues for the analytical solution of perioid-1 impact motion (C3 ¼ 0) with parameter M ¼ 1200 kg;
m ¼ 150 kg; JM ¼ 2500 kgm2; C1 ¼ C2 ¼ 4 kN s=m; K1 ¼ 30 kN=m; K2 ¼ 40 kN=m; K3 ¼ 400 N=m; L ¼ 0:6m; a1 ¼
0:5 m; a2 ¼ 0:3 m; ground sinusoidal wavelength B ¼ 10 m; vehicle’s velocity v ¼ 10m=s; and impact restitution

coefficients m1 ¼ m2 ¼ 0:8:
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because the solutions of the non-linear algebraic equations (32) are convergent to one of the
possible period-1 solution. If Acr10pApAcr12 (Acr10E0:565m and Acr12E0:651m), the impact
model switches to a new model relative to one impact on wall-1 and two continuous impacts on
wall-2. In this range, only one period doubling bifurcation occurs at Acr11E0:627m; and the
impact motion model switches to a model pertaining to two continuous impacts on wall-1 and one
impact on wall-2. The period-1 motion for such a model exists in the range of
Acr12oApAcr13E0:981m:
For a damping case (C3 ¼ 100 Nm s=rad), the numerical and analytical predictions of the impact

motion, and the real and imaginary parts of the corresponding eigenvalues for the analytical period-1
motion are presented in Fig. 3. Compared to the non-damping case, the critical values for the
analytical period-1 impact motion are: Acr1E0:2508 m; Acr2E0:253 m; Acr3E0:279m; Acr4E0:392 m;
Acr5E0:451 m and Acr6E0:533 m: The errors of the impact phase and velocity given by the two
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Fig. 3. Analytical and numerical predictions of: (a) impact phase, (b) impact velocity, (c) real part and (d) imaginary

part of the eigenvalues for the analytical solution of perioid-1 impact motion (C3 ¼ 100 Nm s=rad) with parameters:

M ¼ 1200 kg; m ¼ 150 kg; JM ¼ 2500 kgm2; C1 ¼ C2 ¼ 4 kN s=m; K1 ¼ 30 kN=m; K2 ¼ 40 kN=m; K3 ¼ 400 N=m;
L ¼ 0:6 m; a1 ¼ 0:5 m; a2 ¼ 0:3m; ground sinusoidal wavelength B ¼ 10m; vehicle’s velocity v ¼ 10 m=s; and impact

restitution coefficients m1 ¼ m2 ¼ 0:8:
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predictions for this case are larger than the non-damping case. The numerical prediction gives:
Acr1E0:262 m; Acr6E0:543 m; Acr7E0:594 m; Acr7E0:667 m; Acr9E0:741 m; Acr10E0:769 m and
Acr11E0:957 m: The range for the period-1 motions of the stable node kind becomes larger, but the
total range for the stable period-1 motion becomes smaller. Because of the existence of seat damping,
the motion with almost zero velocity around the wall-1 (or wall-2) has a large range for the ground
motion amplitude compared to the non-damping case. This implies that the safety of passengers
responding to the ground motion amplitude with damping is higher than without damping. Again, if a
passenger sits upright with small relative motion, when human factors are considered, such a small
motion of passengers can be adjusted by human body. The real and imaginary parts of eigenvalues for
this case are plotted in Figs. 3(c) and (d), respectively.
From the foregoing analysis, damping is a key factor for changing the stability condition. The

impact phase and velocity versus the damping coefficient is discussed, as illustrated in Fig. 4 for
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Fig. 4. Analytical and numerical predictions of: (a) impact phase, (b) impact velocity, (c) real part and (d) imaginary

part of the eigenvalues for the analytical solution of perioid-1 impact motion (A ¼ 0:4 m) with parameters: M ¼
1200 kg; m ¼ 150 kg; JM ¼ 2500 kgm2; C1 ¼ C2=4kN s/m, K1 ¼ 30 kN=m; K2 ¼ 40 kN=m; K3 ¼ 400 N=m; L ¼
0:6 m; a1 ¼ 0:5 m; a2 ¼ 0:3 m; ground sinusoidal wavelength B ¼ 10m; vehicle’s velocity v ¼ 10 m=s; and impact

restitution coefficients m1 ¼ m2 ¼ 0:8:
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A ¼ 0:4 m: The stability and bifurcation analysis gives the critical values as C3cr1E173Nm s=rad;
C3cr2E170Nm s=rad; C3cr3E163Nm s=rad and C3cr4E103Nm s=rad: From these critical values,
for the damping ranges (C3cr2oC3oC3cr1 and C3cr4oC3oC3cr3), the period-1 impact motion is a
stable node, and for the damping ranges (0oC3oC3cr4; C3cr3oC3oC3cr2 and C3cr4oC3oC3cr3),
the impact motion is stable focus. At C3 ¼ C3cr1; the first saddle-node bifurcation for the period-1
impact motion occurs. The numerical prediction gives C3cr1E169Nm s=rad: In addition, it is
observed that the impact motion will reduce with increasing damping. For C3 > C3cr1; the impact
motion with almost zero-velocity on the wall-1 or the wall-2 occurs. Therefore, the passengers in
vehicles traveling on the sinusoidal surface are safe in this range of damping. For a better
understanding of the impact motion between the passengers and vehicle, analytical stability and
bifurcation conditions for the period-1 impact motion are summarized in Fig. 5. In Fig. 5(d), the
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Fig. 5. Stability conditions ((a) A ¼ 0:4m; (b) C3 ¼ 0; (c) C3 ¼ 100Nm s=rad (d) C3 ¼ 130 Nm s=rad) for the

analytical solution of perioid-1 impact motion with parameter M ¼ 1200 kg; m ¼ 150 kg; JM ¼ 2500 kgm2; C1 ¼
C2 ¼ 4 kN s=m; K1 ¼ 30 kN=m; K2 ¼ 40 kN=m; K3 ¼ 400N=m; L ¼ 0:6 m; a1 ¼ 0:5 m; a2 ¼ 0:3m; ground sinusoidal

wavelength B ¼ 10m; vehicle’s velocity v ¼ 10 m=s; and impact restitution coefficients m1 ¼ m2 ¼ 0:8:
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critical values are: Acr1E0:31 m; Acr2E0:314m; Acr5E0:333m and Acr6E0:595m for C3 ¼
130Nms=rad: The period-1 motion changes from the stable focus to node.
To observe the periodic impact motions for the simplified vehicle passenger system, the phase

planes are illustrated for C3 ¼ 0 and 100 Nm s=rad in Figs. 6 and 7, respectively. The quasi-
symmetric period-1 impact motion is shown in Fig. 6(a) for A ¼ 0:1 m: The quasi-symmetric,
period-1 impact motion is defined as tiþ1 � tiEtiþ2 � tiþ1 for the model of two impacts,
respectively, on the two walls during an N-period (herein, N ¼ 1 for demonstration). For A ¼
0:4 m; the phase plane for an asymmetrical period-1 impact motion is plotted in Fig. 6(b). The
time intervals from wall-1 to wall-2 and returning back are distinguishing. As discussed before, for
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Fig. 6. Phase planes (C3 ¼ 0; y ¼ 0:9851 rad) ((a) A ¼ 0:1 m; t0 ¼ 0:9187 s and ’y ¼ �4:2692 rad=s; (b) A ¼ 0:4m;
t0 ¼ 0:7936 s and ’y ¼ �5:2655 rad=s; (c) A ¼ 0:47 m; t0 ¼ 0:7655 s and ’y ¼ �5:4197 rad=s; (d) A ¼ 0:8m; t0 ¼ 0:7006 s
and ’y ¼ �7:2166 rad=s) for the analytical solution of perioid-1 impact motion with parameters: M ¼ 1200 kg; m ¼
150 kg; JM ¼ 2500 kgm2; C1 ¼ C2=4kN s/m, K1 ¼ 30 kN=m; K2 ¼ 40 kN=m; K3 ¼ 400 N=m; L ¼ 0:6 m; a1 ¼ 0:5m;
a2 ¼ 0:3 m; ground sinusoidal wavelength B ¼ 10 m; vehicle’s velocity v ¼ 10m=s; and impact restitution coefficients

m1 ¼ m2 ¼ 0:8:
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Acr6oAoAcr7; the period-2 motion has two cycles during N-periods with four impacts on the two
walls, as demonstrated in Fig. 6(c) for A ¼ 0:47 m: After the impact motion model switches, we
can observe the motion possessing two continuous impacts on the one wall and one impact on the
other wall, as shown in Fig. 6(d) for A ¼ 0:8 m: In Fig. 7(a), the impact period-1 motion for
A ¼ 0:4 m is simulated for comparison with the period-1 motion without damping. Furthermore,
after the period-doubling bifurcation, the period-2 motion is illustrated in Fig. 7(b) for A ¼ 0:6 m:
In addition, another type of the period-1 motion for two impacts, respectively, on the two walls
during a certain period is shown in Fig. 7(c) for A ¼ 0:7 m: The period-doubling bifurcation gives
a period-2 motion for such an impact model, as is plotted in Fig. 7(d) for A ¼ 0:75m:
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Fig. 7. Phase planes (C3 ¼ 100 Nm s=rad; y ¼ 0:9851 rad) ((a) A ¼ 0:4 m; t0 ¼ 0:9022 s and ’y ¼ �5:9240 rad=s;
(b) A ¼ 0:6 m; t0 ¼ 0:8343 s and ’y ¼ �6:1234 rad=s; (c) A ¼ 0:7 m; t0 ¼ 0:9644 s and ’y ¼ �8:9100 rad=s; (d) A ¼
0:75 m; t0 ¼ 0:98762 s and ’y ¼ �9:3623 rad=s) for the analytical solution of perioid-1 impact motion with parameters:

M ¼ 1200 kg; m ¼ 150 kg; JM ¼ 2500 kgm2; C1 ¼ C2 ¼ 4 kN s=m; K1 ¼ 30 kN=m; K2 ¼ 40 kN=m; K3 ¼ 400 N=m; L ¼
0:6 m; a1 ¼ 0:5 m; a2 ¼ 0:3 m; ground sinusoidal wavelength B ¼ 10m; vehicle’s velocity v ¼ 10 m=s; and impact

restitution coefficients m1 ¼ m2 ¼ 0:8).
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For a better understanding of such periodic impact motions, the relative displacement and velocity
responses of passengers are shown in Figs. 8–11 for C3 ¼ 0: In Fig. 8, the displacement response is
almost symmetric and the time intervals from one wall to the other are almost equal. The
discontinuity and asymmetry of the velocity response is very clearly illustrated. Increasing the ground
amplitude, in Fig. 9, the asymmetry for displacement and velocity responses is observed. The velocities
in the forwarding and returning motions are distinguishing. The forwarding motion of passengers is
faster than the returning motion. With further increasing amplitude, such an asymmetric phenomenon
becomes more predominant, as shown in Fig. 10. In Fig. 11, the period-1 motion with two impacts on
the front wall (wall-1) and one impact on the back wall (wall-2) are illustrated. The analytical
prediction of this passenger motion is not completed, and further investigations should be carried out.

5. Conclusion

The period-1 impact motion of passenger in vehicles traveling on rough terrain is predicted
analytically and numerically through a linear model. The stability and bifurcation of such a period-1
impact motion are developed. In this mechanical model, the human body is considered as a massless
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Fig. 8. The (a) relative displacement (Y ¼ y� c) and (b) velocity responses (C3 ¼ 0; A ¼ 0:1m; and initial conditions:

t0 ¼ 0:9187 s; y ¼ 0:9851 rad; ’y ¼ �4:2692 rad=s) with parameters M ¼ 1200 kg; m ¼ 150 kg; JM ¼ 2500 kgm2;
C1 ¼ C2=4kN s/m, K1 ¼ 30 kN=m; K2 ¼ 40 kN=m; K3 ¼ 400N=m; L ¼ 0:6 m; a1 ¼ 0:5m; a2 ¼ 0:3 m; ground

sinusoidal wavelength B ¼ 10 m; vehicle’s velocity v ¼ 10m=s; and impact restitution coefficients m1 ¼ m2 ¼ 0:8:

K. Yu, A.C.J. Luo / Journal of Sound and Vibration 272 (2004) 267–286 281



bar with a lumped mass. Although the mechanical model used in this paper is an idealized one, the
dynamic responses of the human body in vehicles traveling on rough terrain as analyzed here is
useful for the rough evaluation of human body safety in traveling vehicles. In the future, a more
realistic model should be developed for a better prediction of human body motion and safety.

Appendix A. Coefficients and eigenvalue analysis

In Eq. (14), the constants g1 and g2 are given by

g1 ¼ �
MgðK1 þ K2Þ

4K1K2
; g2 ¼

MgðK2 � K1Þ
4K1K2b

ðA:1Þ

and the ai and bi (i ¼ 1; 2) are computed by

a1
a2
b1
b2

2
6664

3
7775 ¼

n1 n2 n3 n4

�n2 n1 �n4 n3

n3 n4 n5 n6

�n4 n3 �n6 n5

2
6664

3
7775
�1

m1

m2

m3

m4

2
6664

3
7775; ðA:2Þ
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Fig. 9. The (a) relative displacement (Y ¼ y� c) and (b) velocity responses (C3 ¼ 0; A ¼ 0:4m; and initial conditions:

t0 ¼ 0:7936 s; y ¼ 0:9851 rad; ’y ¼ �5:2655 rad=s) with parameters M ¼ 1200 kg; m ¼ 150 kg; JM ¼ 2500 kgm2;
C1 ¼ C2=4kN s/m, K1 ¼ 30 kN=m; K2 ¼ 40 kN=m; K3 ¼ 400N=m; L ¼ 0:6 m; a1 ¼ 0:5m; a2 ¼ 0:3 m; ground

sinusoidal wavelength B ¼ 10 m; vehicle’s velocity v ¼ 10m=s; and impact restitution coefficients m1 ¼ m2 ¼ 0:8:
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where

n1 ¼ �o2M þ ðK1 þ K2Þ; n2 ¼ �oðC1 þ C2Þ; n3 ¼ ðK2 � K1Þb;

n4 ¼ �oðC2 � C1Þb; n5 ¼ �o2JM þ ðK1 þ K2Þb2; n6 ¼ �oðC1 þ C2Þb2;
ðA:3Þ

m1 ¼ K1A þ K2A cosfþ C2Ao sin f; m2 ¼ C1Ao� K2A sin fþ C2Ao cosf;

m3 ¼ �K1bA þ K2bA cosfþ C2bAo sin f; m4 ¼ �C1bAo� K2bA sin fþ C2bAo cos f:
ðA:4Þ

The eigenvalues li (i ¼ 1; 2;y; 4) are determined by

� Mn
� �-1

An � lI
��� ��� ¼ 0; ðA:5Þ

where I is a 4� 4 identity matrix

M�¼
I 0

0 m�

" #
; A�¼

0 �I

K�
1 C�

1

" #
: ðA:6Þ
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Fig. 10. The (a) relative displacement (Y ¼ y� c) and (b) velocity responses (C3 ¼ 0; A ¼ 0:47 m; and initial

conditions: t0 ¼ 0:7655 s; y ¼ 0:9851 rad; ’y ¼ �5:4197 rad=s) with parameters M ¼ 1200 kg; m ¼ 150 kg; JM ¼
2500 kgm2; C1 ¼ C2=4kN s/m, K1 ¼ 30 kN=m; K2 ¼ 40 kN=m; K3 ¼ 400 N=m; L ¼ 0:6 m; a1 ¼ 0:5 m; a2 ¼ 0:3m;
ground sinusoidal wavelength B ¼ 10 m; vehicle’s velocity v ¼ 10m=s; and impact restitution coefficients m1 ¼ m2 ¼ 0:8:

K. Yu, A.C.J. Luo / Journal of Sound and Vibration 272 (2004) 267–286 283



Note that the 2� 2 identity and zero matrices are denoted by I and 0; and

mn ¼
M 0

0 JM

" #
; C�

1 ¼
C1 þ C2 ðC2 � C1Þb

ðC2 � C1Þb ðC1 þ C2Þb2

" #
;

K�
1 ¼

K1 þ K2 ðK2 � K1Þb

ðK2 � K1Þb ðK1 þ K2Þb2

" #
: ðA:7Þ

In Eq. (15), constants A�
1; A�

2; A�
3 are:

A�
1 ¼

S1b1 þ S2b2
Sd

;A�
2 ¼

S1b2 � S2b1
Sd

; and A�
3 ¼

K3g2
K3 � mgL

; ðA:8Þ

where

S1 ¼ C2
3o

2 þ K3ðK3 � mgL � mL2o2Þ; S2 ¼ K3C3o� C3oðK3 � mgL � mL2o2Þ;

Sd ¼ ðK3 � mgL � mL2o2Þ2 þ C2
3o

2: ðA:9Þ
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Fig. 11. The (a) relative displacement (Y ¼ y� c) and (b) velocity responses (C3 ¼ 0; A ¼ 0:8m; and initial conditions:

t0 ¼ 0:7006 s; y ¼ 0:9851 rad; ’y ¼ �7:2166 rad=s) with parameters M ¼ 1200 kg; m ¼ 150 kg; JM ¼ 2500 kgm2;
C1 ¼ C2=4kN s/m, K1 ¼ 30 kN=m; K2 ¼ 40 kN=m; K3 ¼ 400N=m; L ¼ 0:6 m; a1 ¼ 0:5m; a2 ¼ 0:3 m; ground

sinusoidal wavelength B ¼ 10 m; vehicle’s velocity v ¼ 10m=s; and impact restitution coefficients m1 ¼ m2 ¼ 0:8:
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The eigenvalues are

l1;2 ¼
�C37

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2

3 � 4mL2ðK3 � mgLÞ
q

2mL2
: ðA:10Þ

In Eq. (34), the matrices components are computed by

@g1

@tiþ1
0 0 0

0
@g1

@tiþ1
0 0

@g2

@tiþ1
0 �1 0

0
@g2

@tiþ1
0 �1

2
666666666664

3
777777777775

@tiþ1

@ti

@tiþ1

@ ’Yi

@ ’Yiþ1

@ti

@ ’Yiþ1

@ ’Yi
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BBBBBBBBBBBB@

1
CCCCCCCCCCCCA

þ

@g1

@ti

@g1

@ ’Yi

@g2

@ti

@g2

@ ’Yi

0
BBBBBBBBBBB@

1
CCCCCCCCCCCA

¼ 0 ðA:11Þ

and

@g3

@tiþ2
0 0 0

0
@g3

@tiþ2
0 0

@g2

@tiþ2
0 �1 0

0
@g2

@tiþ2
0 �1

2
666666666664

3
777777777775

@tiþ2

@tiþ1

@tiþ2

@ ’Yiþ1

@ ’Yiþ2

@tiþ1

@ ’Yiþ2

@ ’Yiþ1

0
BBBBBBBBBBBB@

1
CCCCCCCCCCCCA

þ

@g3

@tiþ1

@g3

@ ’Yþ
iþ1

@g2

@tiþ1

@g2

@ ’Yþ
iþ1

0
BBBBBBBBBBBB@

1
CCCCCCCCCCCCA

¼ 0; ðA:12Þ

where

Yr1 ¼ g1ðtiþ1; ti; ’YiÞ ¼ A1 sinotiþ1 þ A2 cosotiþ1 þ A3 þ A
ðiÞ
4 el1ðtiþ1�tiÞ þ A

ðiÞ
5 el2ðtiþ1�tiÞ;

’Yiþ1 ¼ g2ðtiþ1; ti; ’YiÞ ¼ �m2ðA1o sinotiþ1 � A2o cosotiþ1 þ A
ðiÞ
4 l1el1ðtiþ1�tiÞ þ A

ðiÞ
5 l2el2ðtiþ1�tiÞÞ;

ðA:13Þ

Yr2 ¼ g3ðtiþ2; tiþ1; ’Yiþ1Þ

¼ A1 sinotiþ2 þ A2 cosotiþ2 þ A3 þ A
ðiþ1Þ
4 el1ðtiþ2�tiþ1Þ þ A

ðiþ1Þ
5 el2ðtiþ2�tiþ1Þ;

’Yiþ2 ¼ g4ðtiþ2; tiþ1; ’Yiþ1Þ

¼ �m1ðA1o sinotiþ2 � A2o cosotiþ2 þ A
ðiþ1Þ
4 l1el1ðtiþ2�tiþ1Þ þ A

ðiþ1Þ
5 l2el2ðtiþ2�tiþ1ÞÞ: ðA:14Þ
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